In this article, we obtain some local and global integral inequalities with Orlicz norm for the A-harmonic tensors in L (x) -averaging domain, where (x) satisfies the p condition. These estimates indicate that many existing inequalities with L p -norms are special cases of our results.
Introduction
In recent years, there are many remarkable results about the solutions of the nonhomogeneous A-harmonic equation d ⋆ A(x, dω) = B(x, dω) have been made, see [1] [2] [3] [4] [5] [6] [7] .
For example, in [2] , the following Caccioppoli inequality has been established. In [3] we can find the general Poincaré inequality u − u Q p,Q ≤ C|Q|diam(Q) du p,σ Q , p > 0, σ > 1.
(1:2)
In [4] [5] [6] , many inequalities for the classical operators applied to the differential forms have been studied. These integral inequalities play a crucial role in studying PDE and the properties of the solutions of PDE. However, most of these inequalities are developed with the L p -norms. Meanwhile, we know the Orlicz spaces is the important tool in studying PDE, see [8] . So, in this article, the normalized L p -norms are replaced by large norms in the scale of Orlicz spaces. We first introduce the p condition, which is a particular class of the Young functions, then using the result that the maximal operator M is bounded on L p (ℝ n ), see [9] , we establish some integral estimates with Orlicz norms. In the global case, we also expand the local results to a relative large class of domains, the L -averaging domain. Applying our results, we can easily find that many versions of the existing estimates become the special cases of our new results.
Throughout this article, we assume that Ω is a bounded connected open subset of ℝ n , Q, and sQ are the cubes with the same center and diam(sQ) = sdiam(Q), s > 0.
We use |E| to denote the Lebesgue measure of the set
|ω I | p < ∞ for all ordered l-tuples I, l = 1, 2, ..., n. We write
. we denote the exterior derivative
is called a closed form if du = 0 in Ω. A homotopy operator T :
is defined in [10] , and the decomposition
holds for any differential form u. We define the l -form
In this article, we consider solutions to the non-homogeneous A-harmonic equation of the form 5) where
Here, a, b > 0 are constants and 1 <p < ∞ is a fixed exponent associated with (1.5). A solution to (1.5) is an element of the Sobolev space W
Main results
In this section, we first obtain the local strong-type Orlicz norm inequality for the homotopy operator applied to the solutions of Equation 1.5, then, under the similar method, we establish the Caccioppoli and Poincaré inequalities with the Orlicz norms. We also give the generalized weak reverse Hölder-type inequality for the A-harmonic tensors. Finally, we expand these results to the global case. To prove the main results, we first introduce the following definitions and lemmas.
, and a cube Q, define the normalized Luxemburg norm on Q by
p (see [9] ) and the Luxemburg norm reduce to the L p norm.
Given a Young function , letφ denote its associate function: the Young function with the property that t ≤ ϕ −1 (t)φ −1 (t) ≤ 2t, t > 0. If (t) = t p , thenφ(t) = t p ; and if Definition 2.2 (see [9] ) Given p, 1 <p < ∞, a Young function satisfies the p condition if for some c > 0,
Given a Young function , we define the Orlicz maximal operator associated with by
We have the following result taken from [9] that characterizes the boundedness of these maximal functions on L p (ℝ n ). This will play an important role in the proofs of our main results. Lemma 2.3 Given p, 1 <p < ∞, and a Young function , then for any nonnegative function f, the following result holds.
Lemma 2.4 If A, B, and C are Young functions such that A -1 (t)B -1 (t) ≤ C -1 (t), then for all functions f and g and any cube Q,
In particular, given any Young function , 
where Q is any cube with sQ ⊂ Ω, s is constant with 1 <s < ∞. Proof. Using Hölder inequality with 1 = 1/p + (p -1)/p and the definition of the Orlicz maximal operator, we have
(2:10)
Wen
Since (x) satisfies the p condition, then using Lemma 2.3, we obtain
Applying (2.7), (2.11) becomes
u is the solution of Equation 1.5 satisfying the weak reverse Hölder inequality ||u|| s,Q ≤ C||u|| t,sQ , s > 1 and 0 <s, t < ∞ (see [3] ), so
(2:13)
Using Lemma 2.4, we can easily have
This ends the proof of Theorem 2.5. Using the similar method and (2.8), under the same condition of Theorem 2.5 we can also prove the following result
(2:15)
Remark. Using the similar method, we can expand the result to include a variety of operators-the Green's operator G, the projection operator H and other composite operators such as T ∘ G, T ∘ H, T ∘ Δ ∘ G, and so on.
Using the similar method and the general Caccioppoli inequality (1.1), we can prove the following Caccioppoli inequality with the Luxemburg norm. Theorem 2.6 Let (x) be a Young function satisfying p condition, 1 <p < ∞. Assume ϕ(|u|) ∈ L 1 loc ( )and u is a solution of the nonhomogeneous equation
Then, there exists a constant C, independent of u such that
where Q is any cube with sQ ⊂ Ω, s is constant with 1 <s < ∞. If u is a solution of the equation (1.5), du satisfies the weak reverse Hölder inequality ||du|| p,Q ≤ C||du|| q,sQ , s > 1 and 0 <p, q < ∞(see [3] ). So, applying the general Pioncaré inequality (1.2), under the similar proceeding of Theorem 2.5, we can easily obtain the following Pioncaré-type inequality.
Theorem 2.7 Let (x) be a Young function satisfying p condition, 1 <p < ∞. Assume ϕ(|u|) ∈ L 1 loc ( )and u is a solution of the nonhomogeneous equation
where Q is any cube with sQ ⊂ Ω, s is constant with 1 <s < ∞. We can also generalize the weak reverse Hölder-type inequality for the A-harmonic tensors.
Theorem 2.8 Let 1 (x) and 2 (x) be the Young functions with 1 (x) satisfying p condition, 1 <p < ∞. Assume that u is a solution of the nonhomogeneous equation
where Q is any cube with sQ ⊂ Ω, s is constant with 1 <s < ∞. Proof. Using Hölder inequality with 1 = 1/p + (p -1)/p, we have
Since 1 (x) satisfies the p condition, then using Lemma 2.3, we obtain
Using the weak reverse Hölder inequality of u, (2.20) becomes
This ends the proof of Theorem 2.8. In the following L (x) -averaging domains, we will extend the local estimates into the global case. Definition 2.9 (see [11] ). Let (x) be an increasing convex function on [0, ∞) with (0) = 0. we call a proper subdomain Ω ⊂ ℝ n an L (x) -averaging domain, if |Ω| < ∞ and there exists a constant C such that
for some cube Q 0 ⊂ Ω and all u such that ϕ(|u|) ∈ L 1 loc ( ), where τ, s are constants with 0 <τ < ∞, 0 <s < ∞. More properties and applications of the L (x) -averaging domain can be founded in [11, 12] . Theorem 2.10 Let (x) be a Young function satisfying p condition, 1 <p < ∞, and let Ω be any bounded L (x) -averaging domain. Assume that ϕ(|du|) ∈ L 1 loc ( )and u is a solution of the nonhomogeneous equation (1.5) in Ω, T is the homotopy operator, ϕ(|Tu|) ∈ L 1 loc ( ). Then there exists a constant C, independent of u such that
where Q 0 ⊂ Ω is some fixed cube.
(2:25)
For any differential form u, we know that
Using (2.7) and (2.26), we have
(2:27)
Using the similar method of Theorem 2.5, for s > 1, we can prove
Substituting (2.28) in (2.25), we obtain 
(2:30) (3:6) with 1 <δ < 2p, which is continuous, convex and increasing satisfying 2 (0) = 0 and 2 (t) ∞ as t ∞, so it is a Young function. It also satisfies the p condition.
